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A B S T R A C T

In the paper, upper bounds for the convergence rate in the limit theorems for random sums of
𝑚-orthogonal random variables are estimated using the 𝐾-functional method. Our results are
extensions of some known results related to random sums.

1. Introduction

Let {𝑋𝑗 , 𝑗 ⩾ 1} be a sequence of random variables with the 𝑛th partial sum 𝑆𝑛 =
∑𝑛
𝑗=1𝑋𝑗 , 𝑛 ⩾ 1, and let 𝑁𝛽 be a positive

integer-valued random variable whose distribution depends on the positive parameter 𝛽, i.e.,

P
(

𝑁𝛽 = 𝑛
)

= 𝑝𝑛 = 𝑝𝑛(𝛽) (𝑛 = 1, 2,…),

where we assume that lim𝛽→+∞ E
(

𝑁−1
𝛽

)

= 0. Then

𝑆𝑁𝛽 =
𝑁𝛽
∑

𝑗=1
𝑋𝑗

is called a random sum. From now on, it will always be assumed that 𝑁𝛽 is independent of the sequence {𝑋𝑗 , 𝑗 ⩾ 1}.
In Robbins (1948), the author studied the random central limit theorem by replacing the index in the partial sum 𝑆𝑛 by a random

variable 𝑁𝛽 . Afterwards, random sums have attracted the attention of researchers, such as Rényi (1956), Klebanov et al. (1985),
Klebanov and Rachev (1996), Kalashnikov (1997), Kozubowski and Rachev (1999), Kotz et al. (2001), Chen et al. (2010), Gnedenko
and Korolev (2020), Korolev and Zeifman (2021), Hung (2022), and others.

The concept of 𝑚-orthogonal sequence was introduced by Petrov (1984). Let 𝑚 be a non-negative integer. A sequence of random
variables {𝑋𝑗 , 𝑗 ⩾ 1} is said to be 𝑚-orthogonal if E

(

𝑋𝑖𝑋𝑗
)

= 0 for all 𝑖 ⩾ 1, 𝑗 ⩾ 1 and |𝑖 − 𝑗| > 𝑚.
In particular, a sequence of 0-orthogonal random variables is orthogonal, i.e., E

(

𝑋𝑖𝑋𝑗
)

= 0 for all 𝑖 ≠ 𝑗. Obviously, every
sequence of mean zero pairwise independent random variables is a 0-orthogonal sequence. However, the reverse is not true. We
can also show that the set of all 𝑚-orthogonal sequences is really larger than the set of all sequences of mean zero 𝑚-dependent
random variables and the set of all 𝑚-martingale difference sequences. We refer the readers to Hoeffding and Robbins (1948) for
the concept of 𝑚-dependence, and Thang et al. (2014) for the concept of 𝑚-martingale differences.
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This article establishes upper bounds for the convergence rates in the limit theorems for the normalized random sums 𝜑
(

𝑁𝛽
)

𝑆𝑁𝛽
and 𝜑

(

E𝑁𝛽
)

𝑆𝑁𝛽 . Here, the sequence of random variables {𝑋𝑗 , 𝑗 ⩾ 1} is assumed to be 𝑚-orthogonal, and the normalized function 𝜑
is defined as follows:

𝜑 ∶ (0,+∞) → (0,+∞), 𝜑(𝑥) = 𝑜(1) (𝑥 → +∞).

It is worth mentioning that the techniques for proving the main results are relatively simple. The obtained results are extensions
of some known results related to random sums. An immediate corollary is the rate of convergence in random weak law of large
numbers (WLLN) for martingale difference sequences, which was established by Butzer and Schulz (1983). In addition, the WLLN
for compound random sums in Hung (2022) and some results of Hung and Hau (2018) will be extended to the 𝑚-orthogonal case.
We also establish the order of approximation in Rényi’s theorem for geometric sums of 𝑚-orthogonal random variables.

Throughout the paper,
𝑃

⟶ stands for convergence in probability,
𝑑

⟶ stands for convergence in distribution, 𝑑= stands for equality
in distribution. All random variables are defined on the same probability space (𝛺, ,P). The set of all positive integers will be
denoted by N, and the set of all real numbers will be denoted by R.

2. Preliminaries

In the section, we mainly present some definitions and auxiliary lemmas.

Lemma 2.1. Let 𝑚 be a non-negative integer, and let {𝑋𝑗 , 𝑗 ⩾ 1} be a sequence of 𝑚-orthogonal random variables. Then

E𝑆2
𝑛 ⩽ (𝑚 + 1)

𝑛
∑

𝑗=1
E𝑋2

𝑗 for all 𝑛 ⩾ 1. (1)

Proof. Obviously, the inequality (1) holds for 𝑛 ⩽ 𝑚 + 1. We now consider the case where 𝑛 > 𝑚 + 1. Then

E𝑆2
𝑛 = E

[𝑚+1
∑

𝑘=1

∑

0⩽𝑖(𝑚+1)⩽𝑛−𝑘
𝑋𝑖(𝑚+1)+𝑘

]2

⩽ (𝑚 + 1)
𝑚+1
∑

𝑘=1
E

[

∑

0⩽𝑖(𝑚+1)⩽𝑛−𝑘
𝑋𝑖(𝑚+1)+𝑘

]2

= (𝑚 + 1)
𝑚+1
∑

𝑘=1

∑

0⩽𝑖(𝑚+1)⩽𝑛−𝑘
E
(

𝑋𝑖(𝑚+1)+𝑘
)2 = (𝑚 + 1)

𝑛
∑

𝑗=1
E𝑋2

𝑗 .

he proof is finished. □

We shall denote by 𝐶(R) the class of all bounded, uniformly continuous, real-valued functions 𝑓 defined on R with the norm
𝑓‖ = sup𝑥∈R |𝑓 (𝑥)|. Let 𝑠 be a positive integer, we set

𝐶𝑠(R) =
{

𝑓 ∈ 𝐶(R) ∶ 𝑓 (𝑖) ∈ 𝐶(R), 1 ⩽ 𝑖 ⩽ 𝑠
}

,

here 𝑓 (𝑖) is the derivative of order 𝑖 of 𝑓 .
For any 𝑓 ∈ 𝐶(R) and 𝑡 ⩾ 0, we define the 𝐾-functional by

𝐾𝑠 (𝑡, 𝑓 ) = inf
𝑔∈𝐶𝑠(R)

{

‖𝑓 − 𝑔‖ + 𝑡. ‖‖
‖

𝑔(𝑠)‖‖
‖

}

,

and the 𝑠th modulus of continuity by

𝜔𝑠 (𝑡, 𝑓 ) = sup
0<|ℎ|⩽𝑡

‖

‖

‖

‖

‖

𝑠
∑

𝑘=0
(−1)𝑠−𝑘

(

𝑠
𝑘

)

𝑓 (𝑥 + 𝑘ℎ)
‖

‖

‖

‖

‖

.

The 𝑠th modulus of continuity 𝜔𝑠(𝑡, 𝑓 ) is a continuous and increasing function of 𝑡 with 𝜔𝑠(0, 𝑓 ) = 0 (see DeVore and Lorentz, 1993,
page 44 for details).

The proof of the following lemma can be found in DeVore and Lorentz (1993), page 177 (also see Butzer and Berens, 2013,
pages 192, 258).

Lemma 2.2. There exist positive constants 𝐶1,𝑠 and 𝐶2,𝑠 which depend only on 𝑠 such that, for each 𝑓 ∈ 𝐶(R),

𝐶1,𝑠𝜔𝑠 (𝑡, 𝑓 ) ⩽ 𝐾𝑠 (𝑡𝑠, 𝑓 ) ⩽ 𝐶2,𝑠𝜔𝑠 (𝑡, 𝑓 ) .

For 0 < 𝛼 ⩽ 𝑠, we define the Lipschitz class of index 𝑠 ∈ N and order 𝛼 by

Lip
(

𝛼, 𝑠, 𝐿𝑓
)

=
{

𝑓 ∈ 𝐶(R) ∶ 𝜔𝑠 (𝑡, 𝑓 ) ⩽ 𝐿𝑓 𝑡
𝛼 , 𝑡 > 0

}

,

where 𝐿𝑓 is the Lipschitz constant.
The key technique in the proofs of our main results is provided in the following lemma:
2



Statistics and Probability Letters 216 (2025) 110248N.V. Quang et al.

F

h

Lemma 2.3. Let 𝑈 , 𝑉 be two arbitrary random variables with

E𝑈 𝑖 = E𝑉 𝑖 for 𝑖 = 1, 2,… , 𝑠 − 1.

Then there exists a positive constant 𝐶2,𝑠 which depends only on 𝑠 such that, for each 𝑓 ∈ 𝐶(R),

|E𝑓 (𝑈 ) − E𝑓 (𝑉 )| ⩽ 2𝐶2,𝑠𝜔𝑠

(

{ 1
2𝑠!

(

E |𝑈 |

𝑠 + E |𝑉 |

𝑠)
}1∕𝑠

, 𝑓
)

. (2)

urthermore, if 𝑓 ∈ Lip
(

𝛼, 𝑠, 𝐿𝑓
)

, then

|E𝑓 (𝑈 ) − E𝑓 (𝑉 )| ⩽ 21−𝛼∕𝑠 (𝑠!)−𝛼∕𝑠 𝐶2,𝑠𝐿𝑓
(

E |𝑈 |

𝑠 + E |𝑉 |

𝑠)𝛼∕𝑠 . (3)

Proof. For every 𝑓 ∈ 𝐶(R) and 𝑔 ∈ 𝐶𝑠(R), we have

|E𝑓 (𝑈 ) − E𝑓 (𝑉 )| ⩽ |E𝑓 (𝑈 ) − E𝑔(𝑈 )| + |E𝑔(𝑈 ) − E𝑔(𝑉 )| + |E𝑔(𝑉 ) − E𝑓 (𝑉 )|

⩽ 2 ‖𝑓 − 𝑔‖ + |E𝑔(𝑈 ) − E𝑔(𝑉 )| .

Since 𝑔 ∈ 𝐶𝑠(R), one has by the Taylor series expansion with Lagrange remainder

𝑔(𝑥) = 𝑔(0) +
𝑔′(0)
1!

𝑥 +⋯ +
𝑔(𝑠−1)(0)
(𝑠 − 1)!

𝑥𝑠−1 +
𝑔(𝑠)(𝜃𝑥)
𝑠!

𝑥𝑠

for any 𝑥 ∈ R and 𝜃 ∈ (0, 1). Note that ||
|

𝑔(𝑠)(𝜃𝑥)||
|

⩽ ‖𝑔(𝑠)‖, and together with the assumption E𝑈 𝑖 = E𝑉 𝑖 for 𝑖 = 1, 2,… , 𝑠−1, we infer
that

|E𝑔(𝑈 ) − E𝑔(𝑉 )| ⩽ 1
𝑠!
E
{

|

|

|

𝑔(𝑠) (𝜃𝑈 )𝑈 𝑠|
|

|

+ |

|

|

𝑔(𝑠) (𝜃𝑉 )𝑉 𝑠|
|

|

}

⩽ ‖𝑔(𝑠)‖
𝑠!

(

E |𝑈 |

𝑠 + E |𝑉 |

𝑠) ,

ence

|E𝑓 (𝑈 ) − E𝑓 (𝑉 )| ⩽ 2
[

‖𝑓 − 𝑔‖ +
‖𝑔(𝑠)‖
2𝑠!

(

E |𝑈 |

𝑠 + E |𝑉 |

𝑠)
]

. (4)

Taking the infimum from both sides of (4) over 𝑔 ∈ 𝐶𝑠(R), we arrive at

|E𝑓 (𝑈 ) − E𝑓 (𝑉 )| ⩽ 2𝐾𝑠
( 1
2𝑠!

(

E |𝑈 |

𝑠 + E |𝑉 |

𝑠) , 𝑓
)

.

By Lemma 2.2, there exists a positive constant 𝐶2,𝑠 such that

𝐾𝑠
( 1
2𝑠!

(

E |𝑈 |

𝑠 + E |𝑉 |

𝑠) , 𝑓
)

⩽ 𝐶2,𝑠𝜔𝑠

(

{ 1
2𝑠!

(

E |𝑈 |

𝑠 + E |𝑉 |

𝑠)
}1∕𝑠

, 𝑓
)

,

this implies that (2) holds. Furthermore, if 𝑓 ∈ Lip
(

𝛼, 𝑠, 𝐿𝑓
)

, then

𝜔𝑠

(

{ 1
2𝑠!

(

E |𝑈 |

𝑠 + E |𝑉 |

𝑠)
}1∕𝑠

, 𝑓
)

⩽ 𝐿𝑓
{ 1
2𝑠!

(

E |𝑈 |

𝑠 + E |𝑉 |

𝑠)
}𝛼∕𝑠

,

and so we obtain (3). □

3. Main results

As in Butzer and Schulz (1983), a random variable 𝑍 is said to be 𝜑-decomposable if for each 𝑛 ∈ N, there exist independent
random variables 𝑍𝑗 , 1 ⩽ 𝑗 ⩽ 𝑛, not depending on 𝑛, such that

𝑍
𝑑
= 𝜑(𝑛)

𝑛
∑

𝑗=1
𝑍𝑗 .

Then for each 𝑁𝛽 is independent of the random variables 𝑍𝑗 , 𝑗 ∈ N, we have

𝑍
𝑑
= 𝜑

(

𝑁𝛽
)

𝑁𝛽
∑

𝑗=1
𝑍𝑗 .

Indeed, let 𝐵 be an arbitrary Borel set of R. Then for all 𝑛 ⩾ 1,

P (𝑍 ∈ 𝐵) = P

(

𝜑(𝑛)
𝑛
∑

𝑗=1
𝑍𝑗 ∈ 𝐵

)

=
∞
∑

𝑘=1
P

((

𝜑(𝑛)
𝑛
∑

𝑗=1
𝑍𝑗 ∈ 𝐵

)

(

𝑁𝛽 = 𝑘
)

)

=
∞
∑

𝑘=1
P

(

𝜑(𝑛)
𝑛
∑

𝑗=1
𝑍𝑗 ∈ 𝐵

)

P
(

𝑁𝛽 = 𝑘
)

=
∞
∑

𝑘=1
P

(

𝜑(𝑘)
𝑘
∑

𝑗=1
𝑍𝑗 ∈ 𝐵

)

P
(

𝑁𝛽 = 𝑘
)

=
∞
∑

𝑘=1
P

((

𝜑(𝑘)
𝑘
∑

𝑗=1
𝑍𝑗 ∈ 𝐵

)

(

𝑁𝛽 = 𝑘
)

)

=
∞
∑

P
⎛

⎜

⎜

⎛

⎜

⎜

𝜑(𝑁𝛽 )
𝑁𝛽
∑

𝑍𝑗 ∈ 𝐵
⎞

⎟

⎟

(

𝑁𝛽 = 𝑘
)

⎞

⎟

⎟

= P
⎛

⎜

⎜

𝜑(𝑁𝛽 )
𝑁𝛽
∑

𝑍𝑗 ∈ 𝐵
⎞

⎟

⎟

.

3

𝑘=1
⎝⎝

𝑗=1
⎠ ⎠ ⎝

𝑗=1
⎠
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The following theorem provides the rate of convergence in the limit theorem for random sums of 𝑚-orthogonal random variables,
where the limit random variable is 𝜑-decomposable.

Theorem 3.1. Let {𝑋𝑗 , 𝑗 ⩾ 1} be a sequence of 𝑚-orthogonal random variables with E𝑋𝑗 = 𝜇𝑗 (𝑗 ⩾ 1). Let 𝑍 be a 𝜑-decomposable
random variable such that E𝑍𝑗 = 0 (𝑗 ⩾ 1), and assume that 𝑁𝛽 is independent of the random variables 𝑍𝑗 (𝑗 ⩾ 1). Then there exists a
positive constant 𝐶 such that, for any 𝑓 ∈ 𝐶(R),

|

|

|

|

|

|

|

E𝑓
⎛

⎜

⎜

⎝

𝜑
(

𝑁𝛽
)

𝑁𝛽
∑

𝑗=1

(

𝑋𝑗 − 𝜇𝑗
)

⎞

⎟

⎟

⎠

− E𝑓 (𝑍)
|

|

|

|

|

|

|

⩽ 2𝐶𝜔2

⎛

⎜

⎜

⎜

⎝

⎧

⎪

⎨

⎪

⎩

1
4

⎡

⎢

⎢

⎣

(𝑚 + 1)E
⎛

⎜

⎜

⎝

[

𝜑
(

𝑁𝛽
)]2

𝑁𝛽
∑

𝑗=1
E𝑋2

𝑗

⎞

⎟

⎟

⎠

+ E
⎛

⎜

⎜

⎝

[

𝜑
(

𝑁𝛽
)]2

𝑁𝛽
∑

𝑗=1
E𝑍2

𝑗

⎞

⎟

⎟

⎠

⎤

⎥

⎥

⎦

⎫

⎪

⎬

⎪

⎭

1∕2

, 𝑓

⎞

⎟

⎟

⎟

⎠

.

Furthermore, if 𝑓 ∈ Lip
(

𝛼, 2, 𝐿𝑓
)

, then

|

|

|

|

|

|

|

E𝑓
⎛

⎜

⎜

⎝

𝜑
(

𝑁𝛽
)

𝑁𝛽
∑

𝑗=1

(

𝑋𝑗 − 𝜇𝑗
)

⎞

⎟

⎟

⎠

− E𝑓 (𝑍)
|

|

|

|

|

|

|

⩽ 21−𝛼𝐶𝐿𝑓

⎧

⎪

⎨

⎪

⎩

(𝑚 + 1)E
⎛

⎜

⎜

⎝

[

𝜑
(

𝑁𝛽
)]2

𝑁𝛽
∑

𝑗=1
E𝑋2

𝑗

⎞

⎟

⎟

⎠

+ E
⎛

⎜

⎜

⎝

[

𝜑
(

𝑁𝛽
)]2

𝑁𝛽
∑

𝑗=1
E𝑍2

𝑗

⎞

⎟

⎟

⎠

⎫

⎪

⎬

⎪

⎭

𝛼∕2

.

Proof. We observe that

E
⎛

⎜

⎜

⎝

𝜑
(

𝑁𝛽
)

𝑁𝛽
∑

𝑗=1

(

𝑋𝑗 − 𝜇𝑗
)

⎞

⎟

⎟

⎠

= E
⎡

⎢

⎢

⎣

E
⎛

⎜

⎜

⎝

𝜑
(

𝑁𝛽
)

𝑁𝛽
∑

𝑗=1

(

𝑋𝑗 − 𝜇𝑗
)

|

|

|

|

|

|

𝑁𝛽

⎞

⎟

⎟

⎠

⎤

⎥

⎥

⎦

=
∞
∑

𝑛=1

{

P
(

𝑁𝛽 = 𝑛
)

E

(

𝜑(𝑛)
𝑛
∑

𝑗=1

(

𝑋𝑗 − 𝜇𝑗
)

|

|

|

|

|

|

𝑁𝛽 = 𝑛

)}

=
∞
∑

𝑛=1

{

𝑝𝑛𝜑(𝑛)
𝑛
∑

𝑗=1
E
(

𝑋𝑗 − 𝜇𝑗
)

}

= 0

and

E
⎛

⎜

⎜

⎝

𝜑
(

𝑁𝛽
)

𝑁𝛽
∑

𝑗=1

(

𝑋𝑗 − 𝜇𝑗
)

⎞

⎟

⎟

⎠

2

= E
⎧

⎪

⎨

⎪

⎩

E
⎡

⎢

⎢

⎢

⎣

⎛

⎜

⎜

⎝

𝜑
(

𝑁𝛽
)

𝑁𝛽
∑

𝑗=1

(

𝑋𝑗 − 𝜇𝑗
)

⎞

⎟

⎟

⎠

2
|

|

|

|

|

|

|

𝑁𝛽

⎤

⎥

⎥

⎥

⎦

⎫

⎪

⎬

⎪

⎭

=
∞
∑

𝑛=1

⎧

⎪

⎨

⎪

⎩

𝑝𝑛.E

(

𝜑(𝑛)
𝑛
∑

𝑗=1

(

𝑋𝑗 − 𝜇𝑗
)

)2⎫
⎪

⎬

⎪

⎭

=
∞
∑

𝑛=1

⎧

⎪

⎨

⎪

⎩

𝑝𝑛 [𝜑 (𝑛)]2 E

( 𝑛
∑

𝑗=1
𝑋𝑗 −

𝑛
∑

𝑗=1
𝜇𝑗

)2⎫
⎪

⎬

⎪

⎭

=
∞
∑

𝑛=1

⎧

⎪

⎨

⎪

⎩

𝑝𝑛 [𝜑 (𝑛)]2 E
⎡

⎢

⎢

⎣

( 𝑛
∑

𝑗=1
𝑋𝑗

)2

− 2
𝑛
∑

𝑗=1
𝑋𝑗

𝑛
∑

𝑗=1
𝜇𝑗 +

( 𝑛
∑

𝑗=1
𝜇𝑗

)2
⎤

⎥

⎥

⎦

⎫

⎪

⎬

⎪

⎭

=
∞
∑

𝑛=1

⎧

⎪

⎨

⎪

⎩

𝑝𝑛 [𝜑 (𝑛)]2
⎡

⎢

⎢

⎣

E

( 𝑛
∑

𝑗=1
𝑋𝑗

)2

−

( 𝑛
∑

𝑗=1
𝜇𝑗

)2
⎤

⎥

⎥

⎦

⎫

⎪

⎬

⎪

⎭

⩽
∞
∑

𝑛=1

⎧

⎪

⎨

⎪

⎩

𝑝𝑛 [𝜑 (𝑛)]2 E

( 𝑛
∑

𝑗=1
𝑋𝑗

)2⎫
⎪

⎬

⎪

⎭

⩽
∞
∑

𝑛=1

{

𝑝𝑛 [𝜑 (𝑛)]2 (𝑚 + 1)
𝑛
∑

𝑗=1
E𝑋2

𝑗

}

= (𝑚 + 1)E
⎛

⎜

⎜

⎝

[

𝜑
(

𝑁𝛽
)]2

𝑁𝛽
∑

𝑗=1
E𝑋2

𝑗

⎞

⎟

⎟

⎠

.

Analogously, one has E𝑍 = 0 and

E𝑍2 = E
⎛

⎜

⎜

⎝

𝜑
(

𝑁𝛽
)

𝑁𝛽
∑

𝑗=1
𝑍𝑗

⎞

⎟

⎟

⎠

2

=
∞
∑

𝑛=1

{

𝑝𝑛 [𝜑(𝑛)]
2

𝑛
∑

𝑗=1
E𝑍2

𝑗

}

= E
⎛

⎜

⎜

⎝

[

𝜑
(

𝑁𝛽
)]2

𝑁𝛽
∑

𝑗=1
E𝑍2

𝑗

⎞

⎟

⎟

⎠

.

Since 𝜔𝑠(𝑡, 𝑓 ) is an increasing function of 𝑡, applying Lemma 2.3, there exists a positive constant 𝐶 such that, for any 𝑓 ∈ 𝐶(R),

|

|

|

|

|

|

|

E𝑓
⎛

⎜

⎜

⎝

𝜑
(

𝑁𝛽
)

𝑁𝛽
∑

𝑗=1

(

𝑋𝑗 − 𝜇𝑗
)

⎞

⎟

⎟

⎠

− E𝑓 (𝑍)
|

|

|

|

|

|

|

⩽ 2𝐶𝜔2

⎛

⎜

⎜

⎜

⎝

⎧

⎪

⎨

⎪

⎩

1
4

⎡

⎢

⎢

⎢

⎣

E
⎛

⎜

⎜

⎝

𝜑
(

𝑁𝛽
)

𝑁𝛽
∑

𝑗=1

(

𝑋𝑗 − 𝜇𝑗
)

⎞

⎟

⎟

⎠

2

+ E𝑍2

⎤

⎥

⎥

⎥

⎦

⎫

⎪

⎬

⎪

⎭

1∕2

, 𝑓

⎞

⎟

⎟

⎟

⎠

⩽ 2𝐶𝜔2

⎛

⎜

⎜

⎜

⎝

⎧

⎪

⎨

⎪

⎩

1
4

⎡

⎢

⎢

⎣

(𝑚 + 1)E
⎛

⎜

⎜

⎝

[

𝜑
(

𝑁𝛽
)]2

𝑁𝛽
∑

𝑗=1
E𝑋2

𝑗

⎞

⎟

⎟

⎠

+ E
⎛

⎜

⎜

⎝

[

𝜑
(

𝑁𝛽
)]2

𝑁𝛽
∑

𝑗=1
E𝑍2

𝑗

⎞

⎟

⎟

⎠

⎤

⎥

⎥

⎦

⎫

⎪

⎬

⎪

⎭

1∕2

, 𝑓

⎞

⎟

⎟

⎟

⎠

.

Moreover, if 𝑓 ∈ Lip
(

𝛼, 2, 𝐿𝑓
)

, then by Lemma 2.3 again,

|

|

|

|

|

|

|

E𝑓
⎛

⎜

⎜

⎝

𝜑
(

𝑁𝛽
)

𝑁𝛽
∑

𝑗=1

(

𝑋𝑗 − 𝜇𝑗
)

⎞

⎟

⎟

⎠

− E𝑓 (𝑍)
|

|

|

|

|

|

|

⩽ 21−𝛼𝐶𝐿𝑓

⎧

⎪

⎨

⎪

⎩

(𝑚 + 1)E
⎛

⎜

⎜

⎝

[

𝜑
(

𝑁𝛽
)]2

𝑁𝛽
∑

𝑗=1
E𝑋2

𝑗

⎞

⎟

⎟

⎠

+ E
⎛

⎜

⎜

⎝

[

𝜑
(

𝑁𝛽
)]2

𝑁𝛽
∑

𝑗=1
E𝑍2

𝑗

⎞

⎟

⎟

⎠

⎫

⎪

⎬

⎪

⎭

𝛼∕2

.

4

This completes the proof. □
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The following corollary follows immediately from Theorem 3.1.

orollary 3.1. Let {𝑋𝑗 , 𝑗 ⩾ 1} be a sequence of 𝑚-orthogonal random variables with E𝑋𝑗 = 𝜇𝑗 and E𝑋2
𝑗 < +∞ for all 𝑗 ⩾ 1. Let 𝑍 be

𝜑-decomposable random variable such that E𝑍𝑗 = 0 and E𝑍2
𝑗 < +∞ for all 𝑗 ⩾ 1, and assume that 𝑁𝛽 is independent of the random

variables 𝑍𝑗 (𝑗 ⩾ 1). Suppose the following conditions are satisfied:

E
⎛

⎜

⎜

⎝

[

𝜑
(

𝑁𝛽
)]2

𝑁𝛽
∑

𝑗=1
E𝑋2

𝑗

⎞

⎟

⎟

⎠

= 𝑜 (1) as 𝛽 → +∞;

E
⎛

⎜

⎜

⎝

[

𝜑
(

𝑁𝛽
)]2

𝑁𝛽
∑

𝑗=1
E𝑍2

𝑗

⎞

⎟

⎟

⎠

= 𝑜 (1) as 𝛽 → +∞.

Then

𝜑
(

𝑁𝛽
)

𝑁𝛽
∑

𝑗=1

(

𝑋𝑗 − 𝜇𝑗
) 𝑑
⟶ 𝑍 as 𝛽 → +∞.

In addition, when 𝑍 = 0 almost surely, we get

𝜑
(

𝑁𝛽
)

𝑁𝛽
∑

𝑗=1

(

𝑋𝑗 − 𝜇𝑗
) 𝑃
⟶ 0 as 𝛽 → +∞.

Since every martingale difference sequence is 0-orthogonal, Theorem 3.1 implies the following corollary which was proved
by Butzer and Schulz (1983). This result provides a random WLLN for martingale difference sequences.

Corollary 3.2. Let {𝑋𝑗 ,𝑗 , 𝑗 ⩾ 0} (𝑋0 ∶= 0) be a martingale difference sequence such that E𝑋2
𝑗 < +∞ for all 𝑗 ⩾ 1.

(i) If 𝑓 ∈ Lip
(

𝛼, 2, 𝐿𝑓
)

, then

|

|

|

|

|

|

|

E𝑓
⎛

⎜

⎜

⎝

𝜑
(

𝑁𝛽
)

𝑁𝛽
∑

𝑗=1
𝑋𝑗

⎞

⎟

⎟

⎠

− E𝑓 (0)
|

|

|

|

|

|

|

⩽ 21−𝛼𝐶𝐿𝑓
⎡

⎢

⎢

⎣

E
⎛

⎜

⎜

⎝

[

𝜑
(

𝑁𝛽
)]2

𝑁𝛽
∑

𝑗=1
E𝑋2

𝑗

⎞

⎟

⎟

⎠

⎤

⎥

⎥

⎦

𝛼∕2

.

(ii) If

E
⎛

⎜

⎜

⎝

[

𝜑
(

𝑁𝛽
)]2

𝑁𝛽
∑

𝑗=1
E𝑋2

𝑗

⎞

⎟

⎟

⎠

= 𝑜 (1) as 𝛽 → +∞,

then

𝜑
(

𝑁𝛽
)

𝑁𝛽
∑

𝑗=1
𝑋𝑗

𝑃
⟶ 0 as 𝛽 → +∞.

In particular, if 𝜑
(

𝑁𝛽
)

= 𝑁−1
𝛽 , then 𝑁−1

𝛽
∑𝑁𝛽
𝑗=1𝑋𝑗

𝑃
⟶ 0 as 𝛽 → +∞, i.e., {𝑋𝑗 , 𝑗 ⩾ 1} satisfies the random WLLN.

The next corollary establishes the convergence rate in the WLLN for the compound random sum. This is an extension of Theorem
3.1 in Hung (2022) to 𝑚-orthogonal sequences. As in Hung (2022), let {𝜈𝑗 , 𝑗 ⩾ 1} be a sequence of independent, identically distributed
(i.i.d.) and positive integer-valued random variables with E𝜈1 ∈ (0,+∞). Let us consider

𝑁𝑛 = 𝜈1 + 𝜈2 +⋯ + 𝜈𝑛,

and suppose that the random variables
{

𝜈𝑗 , 𝑗 ⩾ 1
}

are independent of {𝑋𝑗 , 𝑗 ⩾ 1}. The random sum

𝑆𝑁𝑛 =
𝑁𝑛
∑

𝑗=1
𝑋𝑗

is called a compound random sum.

Corollary 3.3. Let {𝑋𝑗 , 𝑗 ⩾ 1} be a sequence of 𝑚-orthogonal random variables with E𝑋𝑗 = 𝜇𝑗 for 𝑗 ⩾ 1, and let 𝜈1, 𝜈2,… be
positive integer-valued and i.i.d. random variables, independent of the sequence {𝑋𝑗 , 𝑗 ⩾ 1}. Assume that 𝑀 = max𝑗⩾1 E𝑋2

𝑗 < +∞. If
𝑓 ∈ Lip

(

𝛼, 2, 𝐿𝑓
)

, then
|

|

|

|

|

|

E𝑓

(

𝑁−1
𝑛

𝑁𝑛
∑

𝑗=1

(

𝑋𝑗 − 𝜇𝑗
)

)

− E𝑓 (0)
|

|

|

|

|

|

⩽ 21−𝛼𝐶𝐿𝑓 (𝑚 + 1)𝛼∕2𝑀𝛼∕2𝑛−𝛼∕2
[

E
(

𝜈−11
)]𝛼∕2 , (5)
5

where 𝑁𝑛 = 𝜈1 + 𝜈2 +⋯ + 𝜈𝑛.
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P

W

R

{

w
d

Proof. By using the fact that

1
𝑎1 + 𝑎2 +⋯ + 𝑎𝑛

⩽ 𝑛−2
(

1
𝑎1

+ 1
𝑎2

+⋯ + 1
𝑎𝑛

)

for every 𝑎𝑖 > 0 (𝑖 = 1, 2,… , 𝑛), we get

E
(

𝑁−1
𝑛

)

⩽ 𝑛−1E
(

𝜈−11
)

.

herefore

E

(

𝑁−2
𝑛

𝑁𝑛
∑

𝑗=1
E𝑋2

𝑗

)

=
∞
∑

𝑘=1

{

P
(

𝑁𝑛 = 𝑘
)

E

(

𝑘−2
𝑘
∑

𝑗=1
E𝑋2

𝑗

)}

⩽
∞
∑

𝑘=1

{

P
(

𝑁𝑛 = 𝑘
)

𝑘−1𝑀
}

=𝑀E
(

𝑁−1
𝑛

)

⩽𝑀𝑛−1E
(

𝜈−11
)

,

and from Theorem 3.1, we obtain (5). □

Let 𝑁𝑟,𝑝 be a negative-binomial random variable with two parameters 𝑟 ∈ N and 𝑝 ∈ (0, 1), denoted by 𝑁𝑟,𝑝 ∼ (𝑟, 𝑝). In
particular, 𝑁1,𝑝 is a geometric random variable, denoted by 𝑁1,𝑝 ∼ Geo(𝑝).

Corollary 3.4. Let 𝑁𝑟,𝑝 ∼ (𝑟, 𝑝) with 𝑟 ∈ N and 𝑝 ∈ (0, 1), and let {𝑋𝑗 , 𝑗 ⩾ 1} be a sequence of 𝑚-orthogonal random variables,
independent of 𝑁𝑟,𝑝. Suppose that E𝑋𝑗 = 𝜇𝑗 for all 𝑗 ⩾ 1 and 𝑀 = max𝑗⩾1 E𝑋2

𝑗 < +∞. If 𝑓 ∈ Lip
(

𝛼, 2, 𝐿𝑓
)

, then

|

|

|

|

|

|

|

E𝑓
⎛

⎜

⎜

⎝

𝑁−1
𝑟,𝑝

𝑁𝑟,𝑝
∑

𝑗=1

(

𝑋𝑗 − 𝜇𝑗
)

⎞

⎟

⎟

⎠

− E𝑓 (0)
|

|

|

|

|

|

|

⩽ 21−𝛼𝐶𝐿𝑓 (𝑚 + 1)𝛼∕2𝑀𝛼∕2𝑟−𝛼∕2
[

𝑝
1 − 𝑝

ln (1∕𝑝)
]𝛼∕2

.

roof. It is well known that 𝑁𝑟,𝑝 is the sum of 𝑟 independent geometric random variables with parameter 𝑝, i.e.,

𝑁𝑟,𝑝 = 𝑁 (1)
1,𝑝 +⋯ +𝑁 (𝑟)

1,𝑝.

e have

E
⎛

⎜

⎜

⎝

1
𝑁 (1)

1,𝑝

⎞

⎟

⎟

⎠

=
∞
∑

𝑘=1

1
𝑘
𝑝(1 − 𝑝)𝑘−1 =

𝑝
1 − 𝑝

∞
∑

𝑘=1

(1 − 𝑝)𝑘

𝑘
=

𝑝
1 − 𝑝

ln(1∕𝑝),

where ln(𝑥) is the natural logarithm of 𝑥. Thus, Corollary 3.3 implies Corollary 3.4. □

emark 3.1. In Corollary 3.4,

• if 𝑝 is fixed, then

𝑁−1
𝑟,𝑝

𝑁𝑟,𝑝
∑

𝑗=1

(

𝑋𝑗 − 𝜇𝑗
) 𝑃
⟶ 0 as 𝑟 → +∞;

• if 𝑟 is fixed, then

𝑁−1
𝑟,𝑝

𝑁𝑟,𝑝
∑

𝑗=1

(

𝑋𝑗 − 𝜇𝑗
) 𝑃
⟶ 0 as 𝑝→ 0+.

We now say that a random variable 𝑌 is 𝜑𝑒-decomposable with respect to 𝑁𝛽 if there exists a sequence of i.i.d. random variables
𝑌𝑗 , 𝑗 ⩾ 1} such that

𝑌
𝑑
= 𝜑

(

E𝑁𝛽
)

𝑁𝛽
∑

𝑗=1
𝑌𝑗 ,

here 𝑁𝛽 and 𝑌𝑗 (𝑗 ⩾ 1) are independent. In the case where 𝑌 , 𝑌1, 𝑌2,… are i.i.d. random variables, and 𝑁𝛽 is a geometrically
istributed random variable with mean 1∕𝑝 (0 < 𝑝 < 1), then 𝑌 is said to be geometrically strictly stable (see Klebanov et al. (1985)

for more details).
The following examples illustrate the existence of 𝜑𝑒-decomposable random variables, which will be used in what follows.

Example 3.1. Let 𝑁𝑝 ∼ Geo(𝑝) with the probability-generating function

𝛹𝑁𝑝 (𝑧) =
𝑝𝑧

1 − (1 − 𝑝)𝑧
for |𝑧| < (1 − 𝑝)−1.

Let  be an exponential distributed random variable with positive parameter 𝜆, denoted by  ∼ Exp(𝜆), and let 1, 2,… be
independent copies of  , independent of 𝑁𝑝. The characteristic function of

(

E𝑁𝑝
)−1 ∑𝑁𝑝

𝑗=1 𝑗 is as follows:

𝛹
(

𝜓 (𝑝𝑡)
)

= 𝜆 = 𝜓 (𝑡),
6

𝑁𝑝 1 𝜆 − 𝑖𝑡 
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where 𝜓𝜉 (𝑡) denotes the characteristic function of 𝜉. Therefore


𝑑
=
(

E𝑁𝑝
)−1

𝑁𝑝
∑

𝑗=1
𝑗 . (6)

Example 3.2. Let 𝑁𝑟,𝑝 ∼ (𝑟, 𝑝) with parameters 𝑟 ∈ N and 𝑝 ∈ (0, 1). We denote the probability-generating function of 𝑁𝑟,𝑝 by

𝛹𝑁𝑟,𝑝 (𝑧) =
{

𝑝𝑧
1 − (1 − 𝑝)𝑧

}𝑟
for |𝑧| < (1 − 𝑝)−1.

Let  be a gamma distributed random variable with two parameters 𝑟𝜆 and 𝑟, denoted by  ∼ Gamma(𝑟𝜆, 𝑟), where 𝑟 ∈ N and 𝜆 > 0.
Let {𝑗 , 𝑗 ⩾ 1} be a sequence of independent and exponentially distributed random variables with parameter 𝜆, independent of 𝑁𝑟,𝑝.
Then the characteristic function of

(

E𝑁𝑟,𝑝
)−1 ∑𝑁𝑟,𝑝

𝑗=1 𝑗 will be

𝛹𝑁𝑟,𝑝
(

𝜓1 ((𝑝∕𝑟)𝑡)
)

=
{

𝑝𝜆
𝑝𝜆 − 𝑖(𝑝∕𝑟)𝑡

}𝑟
=
{ 𝑟𝜆
𝑟𝜆 − 𝑖𝑡

}𝑟
= 𝜓(𝑡).

hus, we obtain the representation


𝑑
=
(

E𝑁𝑟,𝑝
)−1

𝑁𝑟,𝑝
∑

𝑗=1
𝑗 . (7)

In the following theorem, we provide a variant of Theorem 3.1 in the 𝜑𝑒-decomposable case.

heorem 3.2. Let {𝑋𝑗 , 𝑗 ⩾ 1} be a sequence of 𝑚-orthogonal random variables with E𝑋𝑗 = 𝜇 for all 𝑗 ⩾ 1, and let 𝑌 be a 𝜑𝑒-decomposable
andom variable with E𝑌1 = 𝜇 and Var(𝑌1) = 𝜎2. Suppose that Cov

(

𝑋𝑖, 𝑌𝑗
)

⩾ 0 for any 𝑖, 𝑗 ∈ N. Then there exists a positive constant 𝐶
uch that, for any 𝑓 ∈ 𝐶(R),
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|

|

E𝑓
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⎝

𝜑
(

E𝑁𝛽
)

𝑁𝛽
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𝑗=1
𝑋𝑗 − 𝑌

⎞

⎟

⎟

⎠

− E𝑓 (0)
|

|

|

|

|

|

|

⩽ 2𝐶𝜔2

⎛

⎜

⎜

⎜

⎝

⎧

⎪

⎨

⎪

⎩

1
4

⎡

⎢

⎢

⎣

(𝑚 + 1)
[

𝜑
(

E𝑁𝛽
)]2 E

⎛

⎜

⎜

⎝

𝑁𝛽
∑

𝑗=1
E𝑋2

𝑗

⎞

⎟

⎟

⎠

+
[

𝜑
(

E𝑁𝛽
)]2 E𝑁𝛽 .𝜎

2
⎤

⎥

⎥

⎦

⎫

⎪

⎬

⎪

⎭

1∕2

, 𝑓

⎞

⎟

⎟

⎟

⎠

. (8)

Furthermore, if 𝑓 ∈ Lip
(

𝛼, 2, 𝐿𝑓
)

, then

|

|

|

|

|

|

|

E𝑓
⎛

⎜
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⎝

𝜑
(

E𝑁𝛽
)

𝑁𝛽
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𝑋𝑗 − 𝑌

⎞

⎟

⎟
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− E𝑓 (0)
|

|

|

|

|

|

|

⩽ 21−𝛼𝐶𝐿𝑓

⎧

⎪

⎨

⎪

⎩

(𝑚 + 1)
[

𝜑
(

E𝑁𝛽
)]2 E

⎛

⎜

⎜

⎝

𝑁𝛽
∑

𝑗=1
E𝑋2

𝑗

⎞

⎟

⎟

⎠

+
[

𝜑
(

E𝑁𝛽
)]2 E𝑁𝛽 .𝜎

2

⎫

⎪

⎬

⎪

⎭

𝛼∕2

. (9)

Proof. We have

E
⎛

⎜

⎜

⎝

𝜑
(

E𝑁𝛽
)

𝑁𝛽
∑

𝑗=1
𝑋𝑗 − 𝑌

⎞

⎟

⎟

⎠

= 𝜑
(

E𝑁𝛽
)

⎡

⎢

⎢

⎣

E
⎛

⎜

⎜

⎝

𝑁𝛽
∑

𝑗=1
𝑋𝑗

⎞

⎟

⎟

⎠

− E
⎛

⎜

⎜

⎝

𝑁𝛽
∑

𝑗=1
𝑌𝑗
⎞

⎟

⎟

⎠

⎤

⎥

⎥

⎦

= 𝜑
(

E𝑁𝛽
)

∞
∑

𝑛=1

{

𝑝𝑛

[

E

( 𝑛
∑

𝑗=1
𝑋𝑗

)

− E

( 𝑛
∑

𝑗=1
𝑌𝑗

)]}

= 0

and

E
⎛

⎜

⎜

⎝

𝜑
(

E𝑁𝛽
)

𝑁𝛽
∑

𝑗=1
𝑋𝑗 − 𝑌

⎞

⎟

⎟

⎠

2

=
[

𝜑
(

E𝑁𝛽
)]2 E

⎛

⎜

⎜

⎝

𝑁𝛽
∑

𝑗=1
𝑋𝑗 −

𝑁𝛽
∑

𝑗=1
𝑌𝑗
⎞

⎟

⎟

⎠

2

=
[

𝜑
(

E𝑁𝛽
)]2

∞
∑

𝑛=1

⎧

⎪

⎨

⎪

⎩

𝑝𝑛E

[( 𝑛
∑

𝑗=1
𝑋𝑗 − 𝑛𝜇

)

−

( 𝑛
∑

𝑗=1
𝑌𝑗 − 𝑛𝜇

)]2⎫
⎪

⎬

⎪

⎭

=
[

𝜑
(

E𝑁𝛽
)]2

∞
∑

𝑛=1

{

𝑝𝑛

[

Var
( 𝑛
∑

𝑗=1
𝑋𝑗

)

+ Var
( 𝑛
∑

𝑗=1
𝑌𝑗

)

− 2Cov
( 𝑛
∑

𝑗=1
𝑋𝑗 ,

𝑛
∑

𝑗=1
𝑌𝑗

)]}

⩽
[

𝜑
(

E𝑁𝛽
)]2

∞
∑

𝑛=1

⎧

⎪

⎨

⎪

⎩

𝑝𝑛
⎡

⎢

⎢

⎣

E

( 𝑛
∑

𝑗=1
𝑋𝑗

)2

+ 𝑛𝜎2 − 2
𝑛
∑

𝑖=1

𝑛
∑

𝑗=1
Cov

(

𝑋𝑖, 𝑌𝑗
)

⎤

⎥

⎥

⎦

⎫

⎪

⎬

⎪

⎭

⩽
[

𝜑
(

E𝑁𝛽
)]2

∞
∑

{

𝑝𝑛

[

(𝑚 + 1)
𝑛
∑

E𝑋2
𝑗 + 𝑛𝜎

2

]}

= (𝑚 + 1)
[

𝜑
(

E𝑁𝛽
)]2 E

⎛

⎜

⎜

𝑁𝛽
∑

E𝑋2
𝑗

⎞

⎟

⎟

+
[

𝜑
(

E𝑁𝛽
)]2 E𝑁𝛽 .𝜎

2.
7

𝑛=1 𝑗=1
⎝

𝑗=1
⎠
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Applying Lemma 2.3, there exists a positive constant 𝐶 such that, for any 𝑓 ∈ 𝐶(R),
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|

E𝑓
⎛

⎜

⎜

⎝

𝜑
(
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|
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⎝

𝜑
(

E𝑁𝛽
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𝑁𝛽
∑
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⎞

⎟

⎟

⎠

2
⎫

⎪

⎬

⎪

⎭

1∕2

, 𝑓

⎞

⎟

⎟

⎟

⎠
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⎜

⎜
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⎪

⎨

⎪

⎩
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⎢

⎣

(𝑚 + 1)
[

𝜑
(

E𝑁𝛽
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⎛

⎜

⎜

⎝

𝑁𝛽
∑

𝑗=1
E𝑋2

𝑗

⎞

⎟

⎟

⎠

+
[

𝜑
(

E𝑁𝛽
)]2 E𝑁𝛽 .𝜎

2
⎤

⎥

⎥

⎦

⎫

⎪

⎬

⎪

⎭

1∕2

, 𝑓

⎞

⎟

⎟

⎟

⎠

,

and therefore (8) holds. Moreover, if 𝑓 ∈ Lip
(

𝛼, 2, 𝐿𝑓
)

, then we obtain (9). □

Remark 3.2. Under the assumptions of Theorem 3.2, if we further assume that 𝑀 = max𝑗⩾1 E𝑋2
𝑗 < +∞, then, for any 𝑓 ∈

Lip
(

𝛼, 2, 𝐿𝑓
)

,
|

|

|

|

|

|

|

E𝑓
⎛

⎜

⎜

⎝

𝜑
(

E𝑁𝛽
)

𝑁𝛽
∑

𝑗=1
𝑋𝑗 − 𝑌

⎞

⎟

⎟

⎠

− E𝑓 (0)
|

|

|

|

|

|

|

= 
(

{

[

𝜑
(

E𝑁𝛽
)]2 E𝑁𝛽

}𝛼∕2
)

as 𝛽 → +∞.

Then the condition
[

𝜑
(

E𝑁𝛽
)]2 E𝑁𝛽 = 𝑜(1) as 𝛽 → +∞

implies

𝜑
(

E𝑁𝛽
)

𝑁𝛽
∑

𝑗=1
𝑋𝑗

𝑃
⟶ 𝑌 as 𝛽 → +∞.

The following corollary is an extension of Theorems 3.4 in Hung and Hau (2018) to 𝑚-orthogonal sequences.

Corollary 3.5. Let 𝑁𝑟,𝑝 ∼ (𝑟, 𝑝) with 𝑟 ∈ N and 𝑝 ∈ (0, 1), and let {𝑋𝑗 , 𝑗 ⩾ 1} be a sequence of 𝑚-orthogonal random variables,
independent of 𝑁𝑟,𝑝 and E𝑋𝑗 = 𝜇 > 0 for all 𝑗 ⩾ 1. Let {𝑗 , 𝑗 ⩾ 1} be a sequence of independent and exponentially distributed random
variables with parameter 1∕𝜇, independent of 𝑁𝑟,𝑝, such that Cov

(

𝑋𝑖, 𝑗
)

⩾ 0 for any 𝑖, 𝑗 ∈ N, and let  ∼ 𝐺𝑎𝑚𝑚𝑎
(

𝑟𝜇−1, 𝑟
)

. Then for any
𝑓 ∈ 𝐶(R),
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|
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⎛
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⎦
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⎬

⎪
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, 𝑓

⎞

⎟

⎟

⎟

⎠

. (10)

If 𝑓 ∈ Lip
(

𝛼, 2, 𝐿𝑓
)

, then

|

|

|

|

|

|

|
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⎛
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⎝

(𝑝∕𝑟)
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⩽ 21−𝛼𝐶𝐿𝑓
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⎩
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⎜
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⎝
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⎪
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𝛼∕2

. (11)

Proof. By Example 3.2, the gamma random variable  is decomposed in the form (7). Note that E𝑁𝑟,𝑝 = 𝑟∕𝑝, E1 = 𝜇 and
Var(1) = 𝜇2. Therefore, Theorem 3.2 ensures that (10) and (11) hold. □
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