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ARTICLE INFO ABSTRACT

Keywords: In the paper, upper bounds for the convergence rate in the limit theorems for random sums of
Random sum m-orthogonal random variables are estimated using the K-functional method. Our results are
m-orthogonal extensions of some known results related to random sums.
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1. Introduction

Let {X;,j > 1} be a sequence of random variables with the nth partial sum S, = ij:l X;, n > 1, and let N; be a positive
integer-valued random variable whose distribution depends on the positive parameter g, i.e.,

P(Ny=n)=p,=p,f) (n=12,..),

where we assume that limy_,  E (N‘] ) = 0. Then

s
Ny

Sny = 2, X,
=1

is called a random sum. From now on, it will always be assumed that N, is independent of the sequence {X;,j > 1}.

In Robbins (1948), the author studied the random central limit theorem by replacing the index in the partial sum S, by a random
variable Nj. Afterwards, random sums have attracted the attention of researchers, such as Rényi (1956), Klebanov et al. (1985),
Klebanov and Rachev (1996), Kalashnikov (1997), Kozubowski and Rachev (1999), Kotz et al. (2001), Chen et al. (2010), Gnedenko
and Korolev (2020), Korolev and Zeifman (2021), Hung (2022), and others.

The concept of m-orthogonal sequence was introduced by Petrov (1984). Let m be a non-negative integer. A sequence of random
variables {X;,j > 1} is said to be m-orthogonal if E (X, X;) =0 foralli > 1, j > 1 and |i — j| > m.

In particular, a sequence of 0-orthogonal random variables is orthogonal, i.e., E (X X j) = 0 for all i # j. Obviously, every
sequence of mean zero pairwise independent random variables is a 0-orthogonal sequence. However, the reverse is not true. We
can also show that the set of all m-orthogonal sequences is really larger than the set of all sequences of mean zero m-dependent
random variables and the set of all m-martingale difference sequences. We refer the readers to Hoeffding and Robbins (1948) for
the concept of m-dependence, and Thang et al. (2014) for the concept of m-martingale differences.
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This article establishes upper bounds for the convergence rates in the limit theorems for the normalized random sums ¢ (N, ﬂ) Sy 5
and ¢ (IEN ,,) Sn " Here, the sequence of random variables { X, j > 1} is assumed to be m-orthogonal, and the normalized function ¢
is defined as follows:

@ :(0,40) = (0,400), @x)=0(l) (x— +).

It is worth mentioning that the techniques for proving the main results are relatively simple. The obtained results are extensions
of some known results related to random sums. An immediate corollary is the rate of convergence in random weak law of large
numbers (WLLN) for martingale difference sequences, which was established by Butzer and Schulz (1983). In addition, the WLLN
for compound random sums in Hung (2022) and some results of Hung and Hau (2018) will be extended to the m-orthogonal case.
We also establish the order of approximation in Rényi’s theorem for geometric sums of m-orthogonal random variables.

P d

Throughout the paper, — stands for convergence in probability, — stands for convergence in distribution, £ Stands for equality

in distribution. All random variables are defined on the same probability space (£, F,P). The set of all positive integers will be
denoted by N, and the set of all real numbers will be denoted by R.

2. Preliminaries

In the section, we mainly present some definitions and auxiliary lemmas.

Lemma 2.1. Let m be a non-negative integer, and let {X;,j > 1} be a sequence of m-orthogonal random variables. Then

Esjs(mﬂ)Z]Exf forall n>1. (¢D)
j=1

Proof. Obviously, the inequality (1) holds for n < m + 1. We now consider the case where n > m + 1. Then

m+1

2 m+1 2
ES;=E |} ) Xi(m+1)+k:| <m+1D Y E [ > Xi(m+l)+k:|

k=1 0<i(m+1)<n—k k=1 0<i(m+1)<n—k

m+1 n
=(m+1)2 Z ]E(Xi(m+l)+k)2 =(m+1)ZEX/2'
k=1 0<i(m+1)<n—k Jj=1

The proof is finished. [J

We shall denote by C(R) the class of all bounded, uniformly continuous, real-valued functions f defined on R with the norm
11l = supyer | f(x)]. Let s be a positive integer, we set

CR={feC®: fPec®,1<i<s},

where £ is the derivative of order i of f.
For any f € C(R) and ¢ > 0, we define the K-functional by

K@= inf {17 -gll+e s}

g€C*(R)

and the sth modulus of continuity by

3 =1k <2>f(x + kh)

k=0

wg (1, f)= sup

0<|h|<t

The sth modulus of continuity w,(z, f) is a continuous and increasing function of ¢ with w,(0, f) = 0 (see DeVore and Lorentz, 1993,
page 44 for details).

The proof of the following lemma can be found in DeVore and Lorentz (1993), page 177 (also see Butzer and Berens, 2013,
pages 192, 258).

Lemma 2.2. There exist positive constants C; ; and C, ; which depend only on s such that, for each f € C(R),
Crso, (1, ) S K (0, ) S Cp 00, (1, f)
For 0 < a < s, we define the Lipschitz class of index s € N and order a by
Lip (a5, L) = {f € CR) : w, (¢, f) < L;1%1> 0},

where L, is the Lipschitz constant.
The key technique in the proofs of our main results is provided in the following lemma:



N.V. Quang et al Statistics and Probability Letters 216 (2025) 110248

Lemma 2.3. Let U, V be two arbitrary random variables with
EU' =EV' for i=1,2,...,s—1.

Then there exists a positive constant C, ; which depends only on s such that, for each f € C(R),

1 1/s
IEfWU) - Ef (V)] < 2Cy 0 q<{2—s,(E|U|S+IE|V|S)} ,f>. @
Furthermore, if f € Lip (a,s,L/-), then

EfU) = Ef ()] <2179 (s Cy L, (EU +E|VIF)™". 3)

Proof. For every f € C(R) and g € C5(R), we have
[Ef @) -EfMI < EfU) -EgU)] + [Eg(U) — Eg()| + [Eg(V) = Ef (V)]
<2|If - gl + [Eg(U) - Eg(V)].
Since g € C*(R), one has by the Taylor series expansion with Lagrange remainder

g 0) g DOy, g9
g(x) = g(O)+T X+ - Go1) X + o X

for any x € R and 6 € (0, 1). Note that

g(s)(é'x)l < |lg®|l, and together with the assumption EU’ = EV' for i = 1,2,...,s — 1, we infer

that
Ea@) - 5501 < L2 {50 00y 0] +]s0 0vyve|} < B (0 s v
hence
s -Erwi <2 (i - e+ B @or vy )] @

Taking the infimum from both sides of (4) over g € C*(R), we arrive at
1
IEf(U)~Ef V)| <2K, (55 (EUF +EVF).f).
By Lemma 2.2, there exists a positive constant C, ; such that
K (L EUr+EVE). 1) < L gy +epp))
s(z—s,( Ul +E|V]| ),f)\cz,sws {z—s!( U +E|V]| )} r).

this implies that (2) holds. Furthermore, if f € Lip (a,s, L), then

afs

s <{21'< i+ EWvT )}/S’f><L/‘{ﬁ(EIU|S+EIV|S)} o

and so we obtain (3). [
3. Main results

As in Butzer and Schulz (1983), a random variable Z is said to be ¢-decomposable if for each n € N, there exist independent
random variables Z;, 1 < j < n, not depending on n, such that

n
d
Z = o(n) Z z;.
=1

Then for each N, is independent of the random variables Z;, j € N, we have

@ (Ny) Zz

Indeed, let B be an arbitrary Borel set of R. Then for all n > 1,

P(ZeB):P(w(n)iZjeB>:iP(<<p(n)iZj eB> Ny =k ) iP((p(ﬂ)iZjeB>IP(Nﬁ:k)

II'=L

j=1 k=1 Jj=1 k=1 Jj=1
0 k oo
= ZIP’((p(k)ZZj € B>[P(Nﬁ =k)= ZP(((p(k)ZZj € B) (Ng= k))
pmy = k=1 =l
o Ny Ny
=Y P|leNp Y 7, € B|(Ny=k)[=P|a(Np Y Z, € B|.
k=1 j=1 j=1
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The following theorem provides the rate of convergence in the limit theorem for random sums of m-orthogonal random variables,
where the limit random variable is ¢-decomposable.

Theorem 3.1. Let {X;,j > 1} be a sequence of m-orthogonal random variables with EX; = u; (j > 1). Let Z be a ¢-decomposable
random variable such that EZ; = 0 (j > 1), and assume that Ny is independent of the random variables Z; (j > 1). Then there exists a
positive constant C such that, for any f € C(R),

1/2

(Xj—yj)]—IEf(Z) <2Cw, %[(m+l)]E[[ ;EX2]+]E[[¢ Ny)] ZE22” fl-

Furthermore, if f € Lip («,2, L), then

N,

=

1

<.
Il

Ef[<ﬂ(N/3)

a2
N,

=

Ef[‘P(Nﬁ)

(Xj—yj)]—Ef(Z) 2L, (m+1)]E[[go Ny)l ZEX2]+IE([¢ Ny ZEZZ]

N,,_n>} ﬂi{p” (n)ZIE } 0

©

Nyt = Z ppE <¢(H)i (X; —”j)>

n=1

Proof. We observe that

and

im1

n=1 j=1

:g p”[q’(n)]zl < > <Z=l >} <y ) P,,[fp(n)]ZIE<§Xj>2
-

<Z{pn[¢(n)]2(m+l)Z]EX2 +1)E[ (Ny)]? ZEXZ]

o0 n n 2 (s} n 2 n n n 2
=y pn[(pm)]zE(ZX,—Zu,) =y pn[(p(n)]zﬂz[(ZX,) —ZZX,-Zﬂﬁ( w)]
j J=1 J=1 J

1

Analogously, one has EZ = 0 and

EZ% = uz[(p (Ny) iz,.] = i {pn [p(m* iEZi} =E[[¢(Nﬂ)]2ﬁﬂfzf]~

n=1 Jj=1

Since w,(1, f) is an increasing function of 7, applying Lemma 2.3, there exists a positive constant C such that, for any f € C(R),

1/2
N
Ef[fl’(Nﬁ)

<2Cw, [(m+1)E[[(p Ny %EXZ]JrE[[(p(N,,)]z%]Ez}]l I

Jj=1 Jj=1

N,

=
=

<2Cw,

Bl

2
(X,—M,)] +EZ2 e S
1

(Xj _.“j)]_Ef(Z)

E[ (Nﬂ)

1

~.
Il

-
Il

Moreover, if f € Lip (¢,2, L), then by Lemma 2.3 again,

a2
Ny

Ef[w(Nﬂ) 2 —m)]—EﬂZ)

J=1

Ny
2oL, (m+1)]E[[q; Ny ZEX2]+IE[[¢ Ny ZEZZ]

J=1 J=1

This completes the proof. []
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The following corollary follows immediately from Theorem 3.1.

Corollary 3.1. Let {X;,j > 1} be a sequence of m-orthogonal random variables with EX; = u; and IEX% < +oo forall j > 1. Let Z be
a @-decomposable random variable such that EZ; = 0 and IEZ]? < +oo for dll j > 1, and assume that N, is independent of the random
variables Z; (j > 1). Suppose the following conditions are satisfied:

Ny
E| o (Ny)])? D EX?|=0(1) as f— +oo;
j=1
Ng
E|o(Ny)]? Y EZ2|=0(1) as f— +co.
j=1
Then
Nﬂ 4
(p(Nﬂ)Z(Xj—yj)—>Z as f - +oo.
j=1

In addition, when Z = 0 almost surely, we get
N,

P
qo(Nﬁ) (X/-—,u/-)—>0 as f - +oo.

=

<.
Il

Since every martingale difference sequence is 0-orthogonal, Theorem 3.1 implies the following corollary which was proved
by Butzer and Schulz (1983). This result provides a random WLLN for martingale difference sequences.

Corollary 3.2. Let {X;,F;,j > 0} (X, := 0) be a martingale difference sequence such that IEXJ? <+oo forall j>1.

(i) If f € Lip (.2, L), then
/2

Np Np
Ef[o(Ny) Y X, [-Ef 0] <2'-°CL; |E| [0 (N,)]* Y EX?
j=1

j=1
Gi) If
Ny
E|[o(Ny)]? Y EX2|=0(1) as f— +oo,
j=1
then

Ny
¢(Nﬁ)2in>0 as f— +oo.
=1

N P
In particular, if ¢ (N;) = Nﬂ‘l, then Nﬁ‘1 Z/_:ﬁ] X; — 0as p— +oo, Le., {X,,j > 1} satisfies the random WLLN.

The next corollary establishes the convergence rate in the WLLN for the compound random sum. This is an extension of Theorem
3.1 in Hung (2022) to m-orthogonal sequences. As in Hung (2022), let {v;, j > 1} be a sequence of independent, identically distributed
(i.i.d.) and positive integer-valued random variables with Ev; € (0, +). Let us consider

N,=vi+v+ -+,

and suppose that the random variables {vj, j= 1} are independent of {X,j > 1}. The random sum

Nn
Sy, = 2%
=1
is called a compound random sum.

Corollary 3.3. Let {X jd 2 1 be a sequence of m-orthogonal random variables with EX = W for j > 1, and let v, v,,... be
positive integer-valued and i.id. random variables, independent of the sequence {X;,j > 1}. Assume that M = max;;, IEX/? < 4o0. If

f €Lip (a,2,L;), then

Ny
Ef <N;‘ 2 (X —/4/-)> ~Ef 0

Jj=1

<2CL p(m+ DM 202 [E (v )], ®)

where N, =vi +vy 4+ +v,.
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Proof. By using the fact that

1 _ 1 1 1
—— <n 2<—+—+~-+—>
a+ay+--+a, a ay a

n
for every q; >0 (i =1,2,...,n), we get
E (Nn_l) < nE (vl_l) .
Therefore

E(N;zglax}>=i{P(Nn=k)1E(k—2§1Ex}>} Z{P ,=k) kMY = ME(N;') < Mn'E (vi),

and from Theorem 3.1, we obtain (5). [

Let N,, be a negative-binomial random variable with two parameters r € N and p € (0, 1), denoted by Ny ~ N B(r,p). In
particular, N , is a geometric random variable, denoted by N, , ~ Geo(p).

Corollary 3.4. Let N,, ~ N'B(r,p) with r € N and p € (0,1), and let {X j, j = 1} be a sequence of m-orthogonal random variables,
independent of N, ,. Suppose that EX; = u; for all j > 1 and M = max ]EX < +co. If f €Lip (a,2, L), then

Nep a2
Ef N7y 2 (X = wy) [ Ef O <27°CLp(m+ 12 M2/ [ﬁln(l/p)] :
j=1

Proof. It is well known that N, , is the sum of r independent geometric random variables with parameter p, i.e.,
_ A ")
Nr’p—Nl’p+ +N1’p.

We have

[

1 1 k=1 o (1-p)F
— =Y cpa-pt = ln(l/p)
Ny ,; k z‘

where In(x) is the natural logarithm of x. Thus, Corollary 3.3 implies Corollary 3.4. [

Remark 3.1. In Corollary 3.4,

- if p is fixed, then

4

)

p

N,!p (X/-—,u/-)—>0 as r — +oo;
1

.
Il

- if r is fixed, then

4

~

P
P
N;; (Xj—yj)—>0 as p— 0Ot

1

J
We now say that a random variable Y is ¢,-decomposable with respect to N if there exists a sequence of i.i.d. random variables
{Y;,j > 1} such that

Y

where Nj; and Y; (j > 1) are independent. In the case where Y,Y},Y,, ... are i.i.d. random variables, and N is a geometrically
distributed random variable with mean 1/p (0 < p < 1), then Y is said to be geometrically strictly stable (see Klebanov et al. (1985)
for more details).

The following examples illustrate the existence of ¢,-decomposable random variables, which will be used in what follows.

Example 3.1. Let N, ~ Geo(p) with the probability-generating function
_pE
1-(1-pz
Let & be an exponential distributed random variable with positive parameter A, denoted by & ~ Exp(4), and let &,&,,... be

independent copies of &, independent of N,. The characteristic function of (]EN ) > _”1 &; is as follows:

¥y, (2) = for |z|]<(1-p)~L

Wy, (we, ) = 2= = w0,
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where y; (t) denotes the characteristic function of ¢. Therefore

=z

14

Y. 6

~.

Example 3.2. Let N, , ~ N'B(r, p) with parameters r € N and p € (0, 1). We denote the probability-generating function of N, , by

— pz ' -1
¥y,,(2) = { —a —P)Z} for |z|<(1-p~'.

Let G be a gamma distributed random variable with two parameters rA and r, denoted by ¢ ~ Gamma(r4, r), where r € N and 1 > 0.
Let {&;,j > 1} be a sequence of independent and exponentially distributed random variables with parameter 4, independent of N, .
Then the characteristic function of (EN”,)_I Z:_V:"I" &; will be

iy (W‘ ((p/r)t)) - {p/l —I;?p/ it }r N { Mr:l it }’ = wg().

Thus, we obtain the representation

N,,
-1
Y& @)
j=1
In the following theorem, we provide a variant of Theorem 3.1 in the ¢,-decomposable case.
Theorem 3.2. Let {X;,j > 1} be a sequence of m-orthogonal random variables with EX; = u for all j > 1, and let Y be a @,-decomposable

random variable with EY; = u and Var(Y;) = ¢2. Suppose that Cov( i J) 0 for any i, j € N. Then there exists a positive constant C
such that, for any f € C(R),

1/2
Ny
Ef|@ (ENy) 3, X; =Y [~ Ef O)f <2Car | 7 | m+ D [0 (ENy)]® ZEXZ + o (EN)EN, S [F 1] ®)
Jj=1
Furthermore, if f € Lip (.2, L;), then
a2
Np
Ef (p(ENﬁ)ZXj—Y ~Ef(0)| <2'7°CL;{(m+ 1) [o IENﬂ ZEXZ +] ENﬂ)]ZIENﬁ.az . 9)
j=1
Proof. We have
Ny Ny Ny S n n
Ele(ENy) D X, - Y [= ¢ (ENy)|E| Y X, |-E[ DY, =¢(ENﬂ)Z{pn [E(Zx,)-E( 1@)]}:0
j=1 j=1 j=1 n=1 j=1 j=1

and

2

Np Np 2 o n n 2
E (]ENﬂ)ZX -v| = [0 (ENy)]? ZX Yyl =0 (EN)] Y nE KZX/.-W)-(ZY/-W)]
j=1 j=1 j=1

n=

e 5o [Var(ﬂ)”ar(é%) <2 )}

2

:<

Mg

@ (ENy)] pu|E J +no —ZZZCOV (X,.Y;)

i=l j=

N
1l

2

Ms

Np
< [0 (ENy)] { [(m+l)Z]EX2+na]}=(m+1)[(p(ENﬁ)]ZIE Y EX2|+ [¢ (EN,)]*EN,.0%.
n=1 Jj=1

7



N.V. Quang et al Statistics and Probability Letters 216 (2025) 110248

Applying Lemma 2.3, there exists a positive constant C such that, for any f € C(R),

Ng : Ng 2 '?
Ef|@(ENg) Y X, - Y |-Ef (0)| <2Cw, 3E @ (ENy) Y X, Y f
j=1 j=1
172
1 &
<20, | 7|+ [0 (ENy)'E ZIIEXf + [0 (EN,)EN; S |2 1]
i

and therefore (8) holds. Moreover, if f € Lip («,2, L;), then we obtain (9). [

Remark 3.2. Under the assumptions of Theorem 3.2, if we further assume that M = max S| IEX]? < +oo, then, for any f €
Lip (.2, L),
Np 3 a2
Ef|o (EN;) Y X, -Y|-Ef(0) =(9<{ o (EN;)] EN, | ) as f — +oo.
j=1
Then the condition

[0 (EN)’EN; =o(l) as f — +oo

implies

Np
¢(]ENﬁ)Zin>Y as f— +oo.
j=1

The following corollary is an extension of Theorems 3.4 in Hung and Hau (2018) to m-orthogonal sequences.

Corollary 3.5. Let N, , ~ NB(r,p) with r € N and p € (0,1), and let {X INERY be a sequence of m-orthogonal random variables,

independent of N, , and EX; = u > 0 for all j > 1. Let {£;,j > 1} be a sequence of independent and exponentially distributed random

variables with parameter 1/y, independent of N, ,, such that Cov (X;,&;) > 0 for any i,j € N, and let G ~ Gamma (ru™",r). Then for any
fEC®),

1/2

N,, Nrp

Ef ("/’)Z;Xf‘g -Ef(0)| < 2Cw, % (m+ D)(p/r)’E ZIEX,? + /oW S| (10)
Jj= Jj=

If f €lip (a,2,Ly), then
a2

Nyp Nip

Ef| (/) Y, X; = G|=EfO)| <2'7°CL; L (m+ D(p/rVE| Y EX? [+ (p/rii?p . (11)
j=1 j=1

Proof. By Example 3.2, the gamma random variable G is decomposed in the form (7). Note that EN, , = r/p, B, = u and
Var(&,) = u®. Therefore, Theorem 3.2 ensures that (10) and (11) hold. []
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